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ABSTRACT. Topological characterizations and properties of the spaces
% o Where @ is an infinite regular cardinal, are studied; the principal interest
lying in the significance that these spaces have in questions of existence of
ultrafilters (or of elements of the Stone-Cech compactification of spaces) with
special properties. The main results are (a) the characterization theorem of the
spaces (2°')a in terms of a simple set of conditions, and (b) the a-Baire cate-
goty property of (2%), and the stability of the class of spaces homeomorphic to
(2°‘) (or to (a%) o) When taking intersections of at most @ open and dense sub-
sets of (2%),. Among the applications of these results are the following. Assum-
ing at= 2“ the class of spaces homeomorphic to (2(“+)) + includes the space
of uniform ultrafilters on a with the Pa+-topology (U(a)) at» its subspaces of
good ultrafilters and/or Rudin-Keisler minimal ultrafilters. Assuming ot =29
(ori in some cases only Martin’s axiom), the class of spaces homeomorphic to
(2(“’ )) + includes the following: The space (8X\X) o+ Where X is anon-
compact locally compact realcompact space such that IC(X)l <2 and its sub-
spaces of P, 4-points of BX\X and/or (if X is in addition a metric space with-
out 1solated elements) the remote points. In particular the existence of good
and/or Rudin-Keisler minimal ultrafilters and the existence of P-points and/or
remote points follows always from a Baire category type of argument.

1. Preliminaries. The axiom of choice is assumed. Ordinal numbers are de-
noted by &, &, 7, i. An ordinal coincides with the set of all smaller ordinals, i.e.,
€< { is equivalent to £ € {. Nevertheless we make the notational distinction
between the first ordinal 0 and the empty set @. A cardinal number is an initial
ordinal. Cardinals are denoted by @, B, ¥y e+« 0,1, ¢+, m, k, +++ denote
natural numbers. The first infinite cardinal is w. The least cardinal greater than
B is denoted by B*. The cardinality of the set of all functions from Bto ais
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2 H. H. HUNG AND S. NEGREPONTIS

denoted by af. The generalized continuum hypothesis (G.C.H.) states that
a*=2% if © < a. The cardinality of a set A is denoted by |A|. A set of cardin-
ality a and a discrete space of cardinality @ is usually identified with a. For
aset A we let P(4), P (A) denote the set of all subsets of A, all subsets of A
of cardinality less than a, tespectively. A cardinal a is regular if it is not equal
to the (cardinal) sum of fewer than @ smaller than a cardinals; otherwise a is
singular. For every infinite cardinal @, a* is a regular cardinal. A cardinal a
satisfying the condition B<aif B < a, is a strong limit cardinal. If a isa
regular and a strong limit cardinal then @ is called strongly inaccessible. We

set a8=3{a”:y < B} I is known that a = a® if and only if a =29 and @

is regular. If a is an infinite regular cardinal and B any cardinal > 2 then
(B®)® = B® (cf. §34 of [1]); thus if a is an infinite regular cardinal we have

o® = 2%, If a is strongly inaccessible then a = d%. For information on cardinal
arithmetic the reader is referred to [1], [19].

By a space we mean a completely regular Hausdorff topological space. A
zero set in a space X is a set Z such that Z = {x € X: f(x) = 0} for some contin-
uous real-valued function { defined on X. The weight w(X) of a space X is the
least cardinal & such that X has a base for its topology of cardinality a. The
local weight of an element p of X is the least cardinal & such that there is a
(filter) base for the (filter of) neighborhoods of p of cardinality a. The Souslin
number S(X) of a space X is the least cardinal a such that there is no family of
pairwise disjoint nonempty open subsets of X of cardinality a. A space X is
a-compact if every open cover of X has a subcover of cardinality less than a;
thus w-compactness coincides with compactness. A space X is a P, -space if
the intersection of every family of less than @ open subsets of X is an open sub-
set of X; an element p of X is a P -point if the intersection of a family of less
than a neighborhoods of p is a (not necessarily open) neighborhood of p. The
usual definitions of P-space, P-point (as given in [8]) coincide with the cases
of P +-Shace, Pw 4-point, respectively. If @ is an infinite singular cardinal then
a P_-point is also a pa+-point as it is easy to verify. Thus it is no loss of gen-
erality to restrict attention to P j-spaces forregular cardinals a.

For @ > @ and a space X, a family B of open subsets of X is an a-subbase
(for the topology) of X if the family C consisting of all intersections of families
of elements of B of cardinality less than @ is a base of X. For any space X,
and an infinite regular cardinal a, we associate two P -spaces, denoted Pa(X)
and X, as follows: P_(X) is the (possibly empty) subspace of X consisting of
all the P -points of X; and X is the space with underlying set equal to the under-
lying set of X and its topology defined by the requirement that the topology of X
is an a-subbase for the topology of X ,. It is clear that X = X, and that if
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a > o then an a-subbase of X, is the family of all zero-sets of X. It is clear
that the identity mapping X ; — X is continuous, and that when restricted to
P,(X) it is, in fact, a homeomorphism.

If {X ;i €1} is a family of topological spaces and @ > w, the a-product
topology on, the product set II,; X, is the topology defined by the condition that
the family of all sets of the form I, ., G;, where G isopenin X; and |li € I: G, # X, }| <a,
is a base for this topology. The product set with the a-product topology is denoted
al ” ,)(a), in the case of a power set, we write (X )(a). It is easy to see that if
@ is an infinite regular cardinal and if X, is a P,-space for i € I (in particular,
if X is discrete for i € I), then (Ille, X ) = (ﬂle, X )(a)' Thus, for example,
(Ba) = (B )(a), for any cardinals 8> 2 and a infinite regular.

A regular cardinal @ is called weakly compact if the space (2%), is a-com-
pact. Various other characterizations of weakly compact cardinals are known
(cf. [15], [21], [25], [27]); these are not used in this paper. A weakly compact
cardinal is strongly inaccessible.

Let A(a) denote the set 2%, ordered lexicographically. Thus, if p =
(pg:é<a), g=(qz: < a)e Ma), then p <q if p #4 and, setting £(p, ) to
be the least ordinal £ < @ such that be#qg wehave pe, v =0<1=qgq .\
Also denoted by A(a) is the space whose underlying set is 2% and whose (order)
topology is determined by the requirement that the open intervals form a base for
the topology. The space A(a) is compact in the order topology. For detailed
information on A(@) the reader is referred to [8], [26].

8B isa family of closed nonempty subsets of a space X, we say that X is
B-compact if whenever CC B and C has the finite intersection property (i.e.,
every finite subset of C has nonempty intersection), then NCL @ Thus X is
compact if and only if X is F*compact, where F* is the family of all nonempty
closed subsets of X.

An open partition C of a space X is a family of open pairwise disjoint non-
empty substes of X whose union is X. If B, C are open partitions of X, we say
that B is a refinement of C (denoted C< 3) if every element of B is a subset
of a (necessarily unique) element of C. If X isa P o-Space, if {fB ciellisa
family of open partitions of X and if |I| < a, we let /\ fB be the family of all
nonempty sets of the form n. jer By where B € fB for i 6 l It is clear that
A iel 3 is an open partition of X » and that (despxte the misleading notation), we
have 53 < /\613 for all j € I. We note that if I =@ then A, e,% = {x1.

A tamlhcanon system is a partially ordered set (4, < )thh a least element
(if it is nonempty) and such that the set

Pa)={xeA:x Xaand x £ a}
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is well ordered by < for @ € A. The order of an element a € A is the order type
of P(a), i.e., the unique ordinal isomorphic to the well-ordered set P(a). The
order of the ramification system (A, <) is the least ordinal &; such that the
order of P(a) < £ for all @ € A. In this paper we deal with ramification systems
( whose elements are all subsets of a given set S, and whose partial order < is
the reverse set inclusion, i.e., if A, B € ( then A < B if and only if A DB.

For an infinite regular cardinal a the space (2%), has a canonical base &
for its topology such that

(2%), is &-compact,

& is a ramification system under reverse set inclusion,

the set & ¢ of elements of & of order ¢ is an open partition of (2%), for
£<a,

&= Mg & for limit ordinals £<a, and

if E € £ then E has exactly two immediate successors (in & £ +7) for E<a.
In fact, let E(s) ={t € 2%:¢|=5s} for s € 2% and set

55 ={E(s): s € 2%} for £<a, and

6-U,., &,
It is clear that |E§| = 2l¢1 for é<a,

The space (2%), has been studied in [5], [10], [25], [26], [27], [29], [30]}.

2. We prove in this section the main theorem on the characterization of the
space (2%), (Theorem 2.3).

2.1. Lemma. Let X and Y be spaces, let @ and B be subbases of X and
Y, respectively, and assume that there is a one-to-one function ¢ from @ onto
B, such that

ne =@ if and only if N ¢[€] =g
for Cc®. Then X is homeomorphic to Y.

Proof. We note that ({¢(4): A €  and p € A} consists of a single element
of Y for p € X. Indeed, by our assumption on ¢, the intersection is not empty.
If it contains two distinct elements ¢, ¢,, there is B € B such that 9, € B and
q, ¢ B, and hence B ¢ {¢(4): A € @ and p € A}. It follows that ¢~1(B) ¢
{A: A € @ and p € A}, hence that ¢=1(B)N N {A: A € @ and p € A}= &, i.e.,

BnNi{gA):Ae@andpecAl=g,

a contradiction, since ¢, is an element of the intersection. We define f: X — Y
by letting f(p) be the unique element of M{(4): A € @ and p € @} for x € X.
We verify the following statements.

(i) f is one-to-one and onto.
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There is a function g: ¥ — X defined symmetrically to f and for which we
have

{og@l=NipA): A €@ and g(g) € A}
cNip@):A=¢"1B), BeB, and g € B}
=N{B:Be€Band geB}=1q}, ie., foglg)=4,

for g € Y. It follows that [ is onto, and symmetrically that f is one-to-one.

(ii) f is a homeomorphism. ‘

It suffices to prove that ¢(A) = f[A] for A € (, since ¢ and [ are one-to-
one. It is clear that ¢(A) D fA] from the definition of f. By symmetry, A D
[~UA], ie., fIA]D H(A).

The proof of the lemma is complete.

The following notation will be used in §§2 and 3. Let C be a family of
open subsets of X such that C is a ramification system of order @ under reverse
set inclusion and let € £ denote the set of elements of C of order E<al If
Ce ef‘and 7 <a we set

S, m=pel,  :DCChL

In particular, 8(C, 1) denotes the set of immediate successors of C (in the system
G). We note that if in addition C £ is an open partition of X for £<a then
3, 1) is an open partition of C for C € C and p<a.

2.2. Lemma. Let a be an infinite regular cardinal and let X be a P j-space
without isolated elements and such that X has an a-subbase B, such that

Xis $-compact,

B =U§<a 35, and

35 is an open partition of X for £< a.
Then there is a base C (for the topology) of X, such that

X is e-compact,

C is a ramification §ystem of order a with respect to reverse set inclusion,

the set @5 of elements of C of order & is an open partition of X, and

@5 = /\(<§ @; for limit ordinals £ < a.

Hence the space (2%), is the continuous image of X.

Proof. We set

(f£=/\§<a$; for £< a, and

e=LJ§<¢!. I

We claim that if A = n;<§ Bge (fg, .where - £ < a and Bg GEBL for £< &,
then

(%) {B e@:B'DA}={§OnB;:q§_f}.
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Indeed, if 7 < £ then n§<17 By> n;<§ By= A. For the converse inclusion,
let B € C and BOA. Since B € @, we have B =n§<"i Bé # &, where n< a
and Bz € fB; for {<n. If Bé ;éB; for some {<7 and {< ¢, then since
By By € B, and B is an open partition of X, it follows that By NB =2
hence that A =B N A = &, a contradiction. If now 7> &, then A = n§<§B =
N Bé p) n§<n Bz =B, hence A =B, and thus we actually have B = ﬂ& B,
as well, verifying the converse inclusion in this case; if 7 <&, then the converse
inclusion clearly holds.

We now verify the following statements.

(i) C is a base for X. Let V be a neighborhood of p € X. There is < a
and ordinals &i) < a for i <8 and Bgiy € fBg(i)’ such that

4 e,-Opr(i)C v.

Let ¢ =sup, g £i); then £<a, since a is regular, and thus it is clear that
there is A € C such that peAC ﬂi<335(,.).

(ii) X is e-compact. Indeed let {A): i €I} be a family in € with the finite
intersection property. By property (%), this family is a chain under reverse set
inclusion. Hence there are {<a and B € B g for {< ¢ and i) < ¢ such that
A o n{ <) B é for i € I. Then {B ;: { <{} has the finite intersection property

and, since X is H-compact, we have

- N g, - NaW,
2 # §O§B§ ¢ {< supg,C(i)BC iQ §<§(i)B§ i€l

(iii) C is a ramification system of order @ under reverse set inclusion. That
C is a ramification system follows directly from property (+). It is clear that the
order of € is at most a, and since X isa P a-sPace without isolated elements
and, by (i) above, € is a base of X , the order of € cannot be less than a.

(iv) The set C ¢ of elements of C of order £ is an open partition of X. Let
p € X. Theset {A € C:p € A} is a well-ordered set under reverse set inclusion
since € is a ramification system, and its order type is @ since X is a P j-space
without isolated elements. Hence there is A € C such that peEAand A € e &
proving that e £ is an open cover of X. Further, if A and B are elements of e
and A £ B, but A N B # @, then they are comparable and hence they cannot have
equal orders. '

(v) (25 = /\§<§ e; for limit ordinals €< a. If C € 65 then there is an
order-isomorphism ¢ from ¢ to the set of predecessors of C. Because C € é
there'are 7< a and B; € fBi for i <7 such that C = ﬂk,’ B, By property (%)
there is 7({) < 7 such that ¢({) = ni<q(§) B, for {<§. It is clear that

’T(O<’7(C) if 4‘(4‘ <é

() € (‘3; for {< &, and

C= My e Ny €
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Conversely let C € /\;<§ (‘3;; thus C = n;<§ Cy where C € eg for £< &,
Since the order of Cy is ¢y and Cp G Cyif < {'< &, the order of C is &, i.e.,
ceC,.

The proof of the existence of C with the required properties is complete. It
remains to prove that there is a continuous mapping from X onto (2%) as Let &
be the canonical base of (2%),. We define a mapping ¢: C-6& recursively, as
follows. We let ¢: C) — & be given by ¢,(X)=(2%),.If £ be a nonzero
limit ordinal < @, and if ¢ % e — & L has been defined for < &, we define
bs e e & e by

b¢ (;Og CL) = gOg bL(Cp,

where C, € @C for {< £ and n;<§Cl;é 2.

Let now £< a and we define $z4ye Let C e Gf; then |8(C, 1)| > 2, and
thus there are sets SO(C, 1), SI(C, 1) such that

3¢, 1)=8(C, DU (c, 1),

8,(C, 1) £ 8, §,(C, 1) £ &, and

§C, DN (C,D=g.

Let E ; and E , be the two immediate successors of $(C) in &;,,. We
define ¢, by the conditions

Beay [85(C, 1 ={E ¢ o}, and

be4y [8,(C, D= {Ec
Finally, we let ¢ = U§<a P E C — & It is clear that ¢ satisfies the following
conditions:

¢[€§] =&, for £<a, and

ifC De é and C CD then ¢(C) C (D).

Ve define f: X — (2%), by the condition

{eR=Nip(C: CeCandpecCt forpeC

and we verify the following statements.

(i) f is well defined. Indeed if p € C then {C € C: p € C} is a (well-ordered)
chain of € and hence {¢(C): C € € and p € C} is a chain of &; further,
fceCpe C}ﬂeg;é @ and hence {¢(C): C € C and p €C¥ﬂg§ié¢ for
£< a. Hence N{g(C): C € € and p € C} consists of a single element of (2%) s
i.e., f is well defined.

(ii) [ is an onto function. Let q € (Za)d. We define a family {C & é<al
such that

Cee @5 for £<a,

{Cf: £<al is a chain in C, and

g € $(C,) for {<a.
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Ve proceed recursively. Let C)=X. If { is a nonzero limit ordinal < & we set
Cg = ﬂ§<§ Cg. Let now €< a and we define C§+l. Since ¢ € ¢(C§) € 55
and g € Ez,, foraunique Eg,) €&, we have that E o, C$(C,). The
properties of ¢ imply that there is Cz ) € efﬂ such that $(Czy)) = Ezyy
and C £+1 CCg This completes the recursive definition. We define p € X by
the rule {p}= ﬁ§<a Cp Itis clear that @) =q.

(iii) f is continuous. Let p € X, E € &, and f(p) € E. We must prove that
there is C € C such that p € C and f[CICE. Let €< a be such that E € 55
and there is C € C ¢ such that ¢(C) = E. We claim that fIC]C ¢(C). Indeed let
p € C. Then {f(p)}= N{eD): D € € and p € D} C $(C).

The proof of the lemma is complete.

2.3. Theorem. Let a be an infinite regular cardinal. Let X be a P -space
without isolated elements and with an a-subbase ( such that

1] < 22,

X is (f-compact,

G=U§<a (ff, and

@ ¢ is an open partition of X for £<a,

(a) If a is not a weakly compact cardinal, then X is homeomorphic to (2%),.

®) If a is a weakly compact cardinal, then X is homeomorphic to (2%), if
and only if |(ff| <a for £< a.

Proof. From Lemma 2.2 there is a base C for the topology of X such that
(i) X is e-compact,
(i) Cisa ramification system of order @ with respect to reverse set
inclusion,

(iii) the set C ¢ of elements of € of order £ is an open partition of X of

cardinality at most 2% for £ < a, and
(iv) C £ = /\§< £ e ¢ for limit ordinals é<a.

We note that from (ii) and (iii) (or from (iv)) we have eo = {X}; and from (ii)
every element of C has at least two immediate successors. The (additional) fact
(not given by Lemma 2.2) that |C el g 2% for £< a follows from the method of
proof of Lemma 2.2, using the equality (2¢)% = 2% which (as noted in §1) holds
for infinite regular cardinals a. We note, as a consequence, that if C € € and
n<a then 2 ul <18(C, )| € 2%, We set

ac p= I8¢c, B)| for B<a.

Proof of (a). We define a base B for the topology of X such that
BcC

B satisfies conditions (i), (ii), (iv), and
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(v) if B € B then B has exactly 2% immediate successors (in the system %).

We proceed recursively. Let B = {X}. If £ is a nonzero limit ordinal < a
we set $§ = A§<§ $§. .Let now £ < a and we define fB§+l. It is clear from the
recursive assumptions that |B el= 29 if £> 0. There are two (partially overlapping)
cases to consider.

Case 1. a is not strongly inaccessible. Thus there is a cardinal 8 < a such
that a< 2. Then a< 2’35 og,8< 2% for B € 35. -Let ¢p p be a function of

ap,gonto @ andlet {Cp g,:i< ag,gl be a well-ordering of (B, B) for B € $§. .
We define

Bea1=UISC, 4, b5, B €8, and i<ay .
It is easy to verify that B £+ satisfies the recursive conditions.

Case 2. a.= a¥ and a is not a weakly compact cardinal. Thus the space
(2a)a is not a-compact. Since, according to Lemma 2.2, (2°)a_ is the continuous
image of X, it follows that X is not a-compact. In fact every nonempty open-and-
closed subset of X is easily seen to satisfy the conditions of the theorem, and
hence the conditions of Lemma 2.2, and in particular if C € C then C is not
a-compact. Since € is a base for the topology of X, for every C € C there is an
open cover ‘UC of C such that

‘UC C €, and

no subcover of UC has cardinality less than a.

Since a = a%, we have [U.| = a. We define

Oc ={Be “c’ there is no B' € °UC such that B g B'},

and we prove that OC is an open partition of C. Indeed let p € C; since € isa
ramification system under reverse inclusion the family {B € uc: p € B} is a well-
ordered chain in C and thus there is a least element B o of this family. It is
clear that B, € OC and thus OC is a cover of C. Further if B, B' € OC and
B # B’ then the inclusions B CB' and B’ CB both fail (from the definition of
OC) and thus BN B' = &.

We note, since ec is a subcover of U, that |0c| = a. We define

B;,1-UDy:BeB,).

It is clear that B £+ satisfies the recursive conditions.
 The recursive definition of the family {B,: £ < a} is now complete in both
~ cases. Weset 3= U <a $§.
It follows easily from Lemma 2.1 that any two spaces X and Y with bases
B and 9, respectively, satisfying (the analogues of) conditions (i), (ii), (iii) and
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(iv) are homeomorphic. The space (2%), clearly satisfies the conditions of the
present theorem. Thus X is homeomorphic to (2%) ;. The proof of part (a) is
complete.

Proof of (b). Assume that |( gl = @ for some £< a. Then X has an open
partition of X of cardinality @ and clearly it is not a-compact. Thus X is not
homeomorphic to the a-compact space (2%),.

For the converse implication assume that |a §| <a for £<a.

If a = then X is a totally disconnected space without isolated elements
and with a countable base for its topology. In addition we note that X is compact;
this is a consequence of the fact that X is C-compact, by making use of the class-
ical D. Kénig’s theorem. Thus X is homeomorphic to the Cantor set 2% (= (2%) ).

Let now @ > and let X and X' be two spaces satisfying the conditions of
the theorem. Since a is strongly inaccessible, there are bases C and €' for the
topologies of X and X ', respectively, satisfying conditions (i) to (iv) above and
such that |€§| <a and |€é| <a for £<a.

Ve define bases B and B’ for the topologies of X and X', respectively,
such that

BcC and B’ cC,

B and B’ satisfy (the analogues of) conditions (i), (ii), (iv) above, and

|93§| < a and |932| <a for £<a,
and a function ¢: B — B’ such that

¢ is one-to-one and onto,

¢[fB§] = fBé for £<a, and

if By B; €3 and B CB, then ¢(B,) C4(B)).

We proceed recursively. Let 8= {x}, B) = (X'}, and ¢: B,— B, the
unique mapping. If £ is a nonzero limit ordinal < a we set

8- A8y

%é = /\§<§ ﬁg, .and

¢§(ng<§ By = ﬂ;<§ ¢5(B§) ifBye 3; for {< & and n;<§ B £ 2.

Let now £ < a and we define 35“, 32“, and ¢§*l’ The recursive assump-
tions clearly imply that |fB§| = |$é| <a. For B € 35 we set B' = ¢§(B) and we
define recursively ordinals 75 , < a and 75, <@ such that

1g,0=1

B,n b3 MB'n < B,n+1? and

2< |88, 18,0 < |8, Mg ) < |3(8, 1B,,+1) for 7 <o.
We set

RS AR A

and it is clear that |5(B, 113)| = IS(B', 773)| <a for B € $§- -We let ¢B.§+l be
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any one-to-one function of (B, 7p) onto &(B’, 7)p and we define
Beyy = UiSB, ng): B € B},
Bz = UBB', 55): B € B}, and
P4y = U{¢B,§+l: Be€ $§¥.

The recursive definitions are complete. We set

8-U,.. 8.
B - U§<a %é, and
¢=U;<q b¢

It follows from Lemma 2.1 that X and X' are homeomorphic and in particular that
X is homeomorphic to (2%),.

The proof of the theorem is complete.

3. In this section we examine the a-Baire category property of (2*), and the
stabilify of the class of spaces homeomorphic to (2%) o lorto (aa)a) when taking
intersections of families of at most a open and dense subsets of (2"’)0_ (Theorem
3.5). As a consequence of the methods developed in §2 (together with Lemma
3.1) we have, for example, that ((2%)%) is homeomorphic to (a*) for all
infinite regular cardinals a (Theorem 3.2(a)) and that a is weakly compact if and
only if (2%), is not homeomorphic to (a?), (Corollary 3.4).

3.1. Lemma. Let o be an infinite regular cardinal and let X be a (P ,-)
space (without isolated elements) having a base B for its topology such that
() X is B-compact,
(ii) B is a ramification system of order a under reverse set inclusion,
(iii) the set B £ of elements of order £ is an open partition of X of cardin-
ality at most 2% for £< a,
(iv) fB§ = A§<§ 3; for limit ordinals €< a, and
(v) if B € B then B bhas at least a immediate successors (with respect to
the partial order of the ramification system B).
Then X is homeomorphic to (a%),.

Proof. We define a base C of X such that CC3,

C satisfies (i), (ii), (iii), (iv), and

(vi) if C € C then C has exactly 2% immediate successors (with respect to
the order of the ramification system G).

We proceed recursively. Let @0 =8, =1X}. If £ is a nonzero limit ordinal
<a, we set

RPATE

Let now £ < a and we define C £+1+ Clearly from the recursive assumptions, we
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have |€§| =2% for £> 0. For every C € (‘.’,5, we have a < |5(C, 1] <2% Let
{B¢ ;2 i <|8(C, 1|} be a well-ordering of 8(C, 1) and let $: [8(C, 1)] = @ be
an onto mapping. We define

Cp 1 =UlSBc ,, 6.0 C €€, i< IS(C, DI

The recursive definition is complete.

It follows easily from Lemma 2.1 that any two spaces X and Y with bases
e and,g), respectively, satisfying (the analogues of) conditions (i), (ii), (iii), (iv),
and (vi) are homeomorphic.

The space (%), has a canonical base &' for its topology satisfying condi-
tions (i) to (v) of the present lemma, and in fact

the set 5; of elements of order ¢ has cardinality alfI for £< a, and

if E€&" then E has exactly a immediate successors.

In fact let E'(s) ={t € a®: ¢|¢ =5} for s € a® and set

5é ={E'(s): s € af} for £< a, and

&-U,., &.
This completes the proof of the lemma.

3.2. Theorem. Let a be an infinite regular cardinal.
(@) If a<Bg<2% for £<a then the space (g, Bg), is bomeomorphic
to (a%) .
In particular, if o < B< 2% then (B8%), is bomeomorphic to (a®); thus
((2%)%), is bomeomorpbic to (a®) .
() If 25 By <a for §< a then the space (g, Bz), is bomeomorphic
to (29),.
In particular, if 2< B < a, then (8%), is homeomorphic to (2%) .
(c) If a is not weakly compact and if 2< ﬁf < 2% for €< a then the space
(M, ., Bp), is homeomorpbic to (2%), (and also to @),
@ If 1< Bs<a for §<a then the space (lz., ZBf)a is bomeomorphic
to (2%),.
‘In particular, if 1< B < a then ((2P)*), is bomeomorphic to (2%) .

Proof. (a) follows from Lemma 3.1.

(b) follows from Theorem 2.3 (a) and (b).

(c) foll ows from Theorem 2.3 (a).

d) If 235 < a for £< a, then the statement follows from part (b).

If 2°¢ > a for some £ < a then a is not strongl); inaccessible, in particular,
a is not weakly compact and 2'35 < 2% for £< a. This case follows then from
part (c).
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3.3. Corollary. Let o be an infinite regular cardinal. The following state-
ments are equivalent.

(a) a=2%

(b) If B> a then (2%), is not homeomorphic to (B*),.

(c) If B> a then (a®), is not homeomorpbic to (B%) .

Proof. (a) — (b). Assume a=2% and B> a. Then it is clear that (2%),
is a*-compact and hence S-compact, while (8%), is not S-compact. Altematively
we note that the Souslin number of (2%), is at most a* (Theorem 2.3 of [5]),
while the Souslin number of (8%), is obviously at least B*. A

(b) — (a). If a < 2¥ then there is B < a such that 285 a. By Theorem
3.2 (d) we have ((2P)%),, is homeomorphic to (2%),.

(a) — (c). Assume a = 2% and B> a. Then we have a = a¥ hence that
(@%), is a*-compact and thus B-compact, while (B%), is not B-compact. Alter-
natively we note that S((a®),) < a* (Theorem 2.3 of [5]), while S((8%),) > B*.

(c) — (a) follows from Theorem 3.2 (a).

3.4. Corollary. Let o be an infinite regular cardinal. Then a is weakly
compact if and only if (2%), is not homeomorpbic to (a.®),.

Proof. If (a %), is homeomorphic to (2%), then (2%), is not a-compact and
hence @ is not weakly compact. Conversely if @ is not weakly compact the
statement follows from Theorem 2.3 (a).

A space X is said to have the a-Baire category property if the intersection
of a family of at most @ open and dense subsets of X is dense.

Part (a) of Theorem 3.5 below is due to Sikorski (Theorem (xv), §4 of [30])
and it is included here for completeness. Part (c) of Theorem 3.5 is proved in
Kuratowski [18] for @ = @ and attributed there to Mazurkiewicz.

The following notation will be used below. If B is a family of open nonempty
subsets of X and G is a dense subset of X we set

Brc={BNG: Be Bl

3.5. Theorem. Let a be an infinite regular cardinal.

(a) The space (2%), bhas the a-Baire category property.

(b) If a is not weakly compact, the intersection of any family of at most o
open and dense subsets of (2%), is homeomorphic to (2%) 5.

(c) The intersection G of any family of at most a open subsets of (20'),,_
such that G and (2*) \G are both dense in (2%), is homeomorphic to (@) e

Proof. (a) Let G = 05«, G, where G is open and dense in (2%), for
&< a. It suffices to prove that ENG # & forall E € &, where & denotes
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the canonical base of (2%),. We define a family {E PE £ < a} such that

E 0o=E

E £ € & for (<a,

EyyCE NG, for é<a, and

E, =11, s Ey for nonzero limit ordinals (<a.

We proceed recursively. We define E = E; if ¢ is a nonzero limit ordinal
<a weset Eg= n t<¢ Eg The properties of the canonical base & imply that
E e &. Let now £< a and we define Egyy. Since Eg € & and E, is open
and nonempty and G £ is open and dense in (2°)a, it follows that E 2N G £ is
open and nonempty. The fact that & is a base implies that there is E £+1 € &
such that E en C E en G, This completes the recursive definition. Since
(2a)a is g-compact, we have

f”‘ganf =§OaE§+1C E %Qﬁg =ENG.

(b) Let G = ﬂ§<a Gz, where {sz ¢ < al is a family of open and dense sub-
sets of (2%) o+ With no loss of generality, because of part (a), we assume in
addition that Gz C G for (<é<a,

Ve define families B ¢ for £<a such that

fo C U§$§<a 5;, .and

B ¢ is an open partition of G .

Let ‘llf be an open cover of G, such that ‘llg C U§s§<a 5;. .Let 35 =
{E € 115: there isno E' € ‘uf such that EGE'}. We prove that 35 is an open
partition of G £ for é<a. Indeedlet p € G & since & is a ramification system
under reverse inclusion, the family {E € U gibE E} is a well-ordered chain in
& and thus there is a least element E o of this family. It is clear that E; € B £
and thus fo is a cover of Gz. Further if E, E'e $§ and E £ E’' then the
inclusions E CE' and E' CE both fail (from the definition of B 5) and thus
E nE'= g

Weset 3=U £<a (BT G) and we prove that B satisfies the conditions of
Theorem 2.3 (a). It suffices to verify the following statements.

(i) B is a base for the topology of G. Let p € G and let U be a neighbor-
hood of p in (2%),. Thereare <0 and E € &, such that p € ECU. Let B,
be the unique element of B ¢ such that p € B .. Since 3 eC Ufs l<a & it
follows that B . CE,

(ii) G is fBocompact. Indeed let C be a subfamily of B with the finite inter~
section property. Let B=|C| and ler {C,: i < B} be a well-ordering of C such
that C, £ Cj if i<j<B. Thus C; =B,N G where B¢ U,‘sa. .‘Bng for
i <B; then {Bi: i < B} has the finite intersection property and hence

i<8B; £ &. There are two possibilities to consider.
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Case 1. B<a. Then ﬂkﬁ B, is open and nonempty and ﬂi<ﬁci =
i<B B,NG# &.

Case 2. B=0a. Then B, € fBg(i) for some &)< a and |[{&i):i< Bl =a
and hence the set {&(i): i < B} is cofinal in a. It follows that ﬂkﬁa ; C
nk‘@ Geiy= n5<a G, =G and thus again ﬂ,.dsc,. =N, 3B, 8.

The proof of part (b) is complete.

(c) Let G = n§<a Gg», where {sz ¢<al is a family of open and dense sub-
sets of (2%), and (2%),\G is dense in (2%),. Vith no loss of generality,
because of part (a), we assume in addition that G £ cG t for {<¢(<a.

Ve define sets H ; and families B ¢ for £ < a such that

(i) Hy =G, and B =1G,)

(ii) H is open and dense in (2%), for <o

(iii) H ; CH y for (<é<ay

(iv) H = ﬂl< £ H t for nonzero limit ordinals €< a;

) GCIif,,,l CGg for £< a;

(vi) fBg C U§s§<a 5§ for 0<é< a

(vii) B ¢ is an open partition of H, for é<a;
(viii) By TH, < B, for (<< 05

(ix) B £= /\( & (¢ L TH 5) for nonzero limit ordinals € < a; and

(x) if B € By and { <€ <o then H N B is a proper subset of B.

Ve proceed recursively. We let H and 30 be defined by (i).

If £ is a nonzero limit ordinal < @ we define H, and B ¢ by (iv) and (ix),
respectively. We verify the (relevant) recursive conditions for &. For condition
(ii) we note that H ¢ is open because X is a P -space, and H . is dense by
part (a); (iii) is obvious; for (vi) let B € B & Then B = ﬂk £ (B t NH g) where
B;efB;andthusBceu gn for 0 <{ <&, We note that

N

{sn<a
8=, @, nup= 0,8, 08,
(e Qb= 6 0= 5y,

and hence, since the nonempty decreasing intersection of a family of less than a
elements of the canonical base & is in 5, we have that B € &; it is clear that
in fact B € Uf sl<a 5;. Condition (vii) follows from the fact that X is a
P ,-space; (viii) is clear; and for (x) we note that if B € 8 4 and {< £<a then
the recursive assumptions imply that BNH,CBNHy, & B.

Let £<a and we define H,, and $§+1‘ We note that G,N H, is open
and dense in (Za)a and contains G. Because (ZG)G\G is dense in (2“)a it
follows that for B € B, 1 (G, N H,) there is £p such that
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¢<ég<a, and
BN GfB is a proper subset of B.
We define

H,, ,=UiB nch: BeB, 1(G, nH M

Let U £+ be an open cover of H,,, such that
1.‘§+l C U§<L<a 5{ and
$§ er"'l < 115"’1.

We define

B +l={E e‘llg“:there is no E'G‘U‘f“ suchthat E & E'}.

¢

The only condition that requires verification is (vii) and this is proved as the
corresponding statement in part (b); the details are omitted. This completes the
recursive definitions.

We define B = Uf <a (& ¢ I'G). As in part (b), we prove that

B is a base of G, and

G is fB-compact.

Further we prove that if £ <a and C € B £ I'G then C has at least 0. immediate

successors in .‘Bgﬂ I'G. Indeed C=BNG fora unique B € 35; by (x) the set

Hg, ) N B is a proper subset of B. Because H,,, N B is open and dense in

B, and B £+1 is an open partition of H £+ refining B £ TH £+ it follows that
iped,, :DCH, nBll>a.

Indeed otherwise since X is a P -space, the set {UID € fﬂfﬂz DCHgy N B}

would be a closed subset of B, contradicting the fact that it is a proper and

dense subset of B.

Then DNC# & for D € 35,,1 with D CH,,, N B because D is open and
nonempty and C is dense in H,,, N B (since G is dense in (2%),). Thus C
has at least a immediate successors in B £+ rG.

The conditions of Lemma 3.1 are satisfied proving that G is homeomorphic
to (a%),.

The proof of the theorem is complete.

We remark that the assumption on the nonweak compactness of the cardinal
a in Theorem 3.5 (b) is essential; it is clear that the statement fails for a =
(and in fact for every weakly compact cardinal a).

4. Applications. The results of §$2-3 (especially Theorems 2.3 and 3.5)
will be used now in a large number of cases. The main application of Theorem
2.3 is Theorem 4.1 below which, for any infinite regular cardinal a, gives
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sufficient (and necessary if @ = a'®) conditions on a compact space X in terms of
the weight and local weights of X in order that X, is homeomorphic to (2%),.
The principal corollaries to Theorem 4.1 are contained in the statements of Theorem
4.8 (if a is any cardinal such that a* = 2% then (U(a))a», is homeomorphic to

(¢ +))a+)and Theorem 4.15 (= Corollary 3.3 of [4]) (if @* =2% and X is a non-
compact locally compact realcompact space such that |C(X)| < 2 then (BX\X)

is homeomorphic to ") oV These identifications open the way to apphcat.lons
of the Baire category type of theorem (3.5) to the spaces (U(a)) and (ﬂX\X)
involving good, Rudin-Keisler minimal ultrafilters on @ and P-pomts, remote
points of BX\X.

The applications of Theorem 2.3 and its corollary 4.8 are limited to the
systematic use of the Baire category property of these spaces. However, the spaces
(2%), and (a®), form the higher cardinal analogues of the Caator set and the
space of irrationals respectively and thus they serve as the fundamental spaces
for the analogues to higher cardinalities of a large part of the classical descrip-
tive set theory (sometimes depending on the size of the cardinal a). We do not
know if, but consider it quite possible that, these higher cardinality analogues of
the classical descriptive set theory when used in the corresponding spaces of
ultrafilters can produce similarly useful results.

The following result has been proved for @ = »* = 2% in Theorem 3.2 of [4].

4.1. Theorem. Let a be an infinite regular cardinal and let X be a compact
(and totally disconnected if a = w) space.

If X is such that

(a) the weight of X is (at most) a, and

(b) the local weight of every element of X is (at least) a
then X, is homeomorphic to (2%),. Conversely, if a = a® and X, is homeo-
morphic to (2%), then X satisfies conditions (a) and (b).

Proof. If a=w we let {B : 7 <w} be a base for X consisting of open-and-
closed sets and we set @ = {B X\B_} for n<w and @=U__, @ .. We note
that |@ |<2<w for n<w.

If a>w welet {B,: £<a] be a family of zero-sets of X such that
{Int B & é<al isa base of X (where Int B £ denotes the interior of B ¢ in X).

We have used the standard fact that every base of X contains a subfamily which
is a base of X itself and of cardinality w(X). It is clear that {B g €< a} is an
a-subbase for X ;. For é<a let f £ be a continuous real-valued function defined
on X such that B, = {x € X: lg(x)=03. We set

@§ = {/gl({t}): t in the image of /53
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for £<a, and @= U f<a @ g+ Then @ consists of open-and-closed subsets of
X, (since a zero-set is closed in X and thus in X4, and is a Ggeset in X and
thus an open set in X ;). Further @ ¢ is an open partition of X, and |@ el <
2°<2¥% for £<a. Since {B g €< a} C{ then @ is an a-subbase of X,. By
condition (b) X, is a P, -space without isolated elements. Since X is a compact
and @ consists of closed nonempty subsets of X, it follows that X, is ®-compact.
If a is not weakly compact then |@ §| < 2% for £<a and by Theorem 2.3
(a) the space X, is homeomorphic to (Za)a. If a is weakly compact, then either
a = in which case I&fl <w for £<a, or > @ in which case |@§I <2%<a
for £ < a. It follows from Theorem 2.3 (b) that X, is homeomorphic to (2%),.
For the (partial) converse assume that X is compact (and totally disconnected
if @ =w), that @ = a? and that X, is homeomorphic to (2%),. It is clear that
X satisfies condition (b). Condition (a) will follow from the existence of an
embedding of X into the power space [0, 1]%, since then we will have w(X) <
w([0, 1]%) = a. The statement is trivial if @ = @ and thus we assume Q> w.

Let ¢: (2%), — X, be a homeomorphism. If B € $[S] where & denotes,
as usual, the canonical base of (2%), then

B= ,-quBi and B;= jeg izii forielg,

where

Z,; isazero-setof X fori €lg andj€]p ;

l/g, il <a for i €l, and

gl < o

We define

@={z i€l j€ ]y, and B € G

Then we have

|a| =Q,

Qisa family of zero-sets of X, and

if p, g € X and p # q then there are Z\, Z, € @ such that Z,NZ, = ]
andpeZ,qeZ,.

Indeed the first two properties are obvious; to prove the third property let
p»q €X and p #9. There are B, B, € &[5] such that p € By g €B, and
B,N B, = & Then there are indices i, € IBo and i, € ’BI such that p € B,.0
and g €B i The compactness of X implies that there ate 7, m <® and indices
io’o, o.o,io'" € ]Bo,io and il.o, cot,il’m € ]Bl"l such that

(Z. Ne+NZ, )ﬁ(Z,. N---NZ, )=g,

79,0 0,n 1,0 i1,m

establishing the third of the properties.
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For every pair Z, Z, € @ such that Z 0N Z, = & there is a continuous
function /Zo- z; defined on X with values in the interval [0, 1] such that
/Zo.zl =0on Z, and [z4,z,=1 on Z;. Thus the family

S-= z,2,7 %0 2, €@ and 2, N2, - g1

is a family of continuous functions from X to [0, 1] such that |8| = @ and &
separates elements of X. The embedding lemma (cf. Kelley [16]) and the compact-
ness of X imply the existence of an embedding of X into [0, 1]1%. The proof of
the theorem is complete.

We do not know if condition (a) of the above theorem can be replaced by the
weaker condition.

(a") w(X) < 2%
(it being understood that condition (b) is sharpened to the condition that every
element of X has local weight exactly a).

4.2. Corollary. (a) If a=a® then Aa), is homeomorphic to (2%),,.
®) P (Aw)) =P (29 = 2%
(©) If a=0a%>w then P (Aa)) is homeomorphic to (a®),,.

Proof. (a) follows directly from Theorem 4.1, while (b) follows from the fact
that Aw) = 2% To prove (c) we note, by part (a) that A(a) o is homeomorphic to
(2%), and that

Pa(A(a)) = A(a)a\set of non-Pa-points of A(a).

It is well known that if p € A(a) is a non-P -point of A(a) then p is eventually
constant (as a function on @ to 2). Hence the set of non-P ,-points of A(a) is of
cardinality = £<a 2|§| =2%= a. For every non-P  -point p, the set A(a)a\fﬂ

is open in A(a), and it is dense in A(a),, since the local weight at any element
of Aa) is a. Furthermore, the set A(@) \P,(A(a)) is dense in A(a),, because
the intersection of a family of less than a open subsets of A(a) contains an
open interval of A(a) and hence non-P ,-points. Thus from Theorem 3.5 (c),

P ,(A(a)) is homeomorphic to (%), .

If a=a? then (according to the results and definitions given in [11], [12],
[22]) there is a (unique) a-homeogeneous-universal Boolean algebra of cardinality
a, whose Stone space we denote by S(a). The space S(a) has the a-Baire
category property and P ,(S(a)) is the intersection of a family of & open and
dense subsets of S(a) (Theorem 3.5 of [23]). The following corollary is a more
careful statement of the results given without proof in Theorem 3.8 of [23].
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4.3. Corollary. (a) If a=a¥ then (S(a)), is homeomorphic to (2%),.
®) P (S(w)) = P2 = 2%

() If a=a®>q then P (S(a)) is bomeomorphic to (a?),.

Proof. (a) The space s(a) is compact, totally disconnected of weight a
and of local weight a at each of its elements (cf. Theorem 1.7 of [23D).

(b) We note that S(w) is (homeomorphic to) 2.

(c) By part (a) the space (S(a)), is homeomorphic to (2%),.
Ve note that the identity function (S(a)), — S(a) is a homeomorphism when it is
restricted to the subspace P ,(S(a)). Furthermore (S(a)) \P,(S(a)) is dense in
(S(a)), and P (S(a)) is the intersection of (at most) @ open subsets of S(a)
(and hence of (S(a)),), each of which is dense in S(a), and in fact in (S(a)),.
Indeed

P,(5@) =N1S@)\Bd U: U a subset of S(@) equal to
the union of < & open-and-closed subsets of S(a)}
(where Bd U denotes the boundary of U). The result now follows from Theorem
3.5 (o).

Our aim is to prove Theorem 4.8. The auxiliary results 4.4 to 4.7 are known
and their statements and some of the proofs are included here for completeness.
We also need some notation and definitions, as given below.

We denote by BX the Stone-Cech compactification of a space X, If f: X— Y
is a continuous function we denote by f: 8X — BY the unique continuous Stone
extension of f to BX. If @ is a cardinal number then B(a) is the set of ultra-
filters on @ with the Stone topology (considered as the Stone space of the Boolean
algebra P(a)). If F CP(a) we say that F has the uniform finite intersection
property if [AgN«ce NA | =0 for n<w and A, € F for k <n. An ulerafilter
p on a is uniform if |A| = a for A € p. The set of uniform ultrafilters on a
(considered as a subspace of B(a)) is denoted by U(a). If A € P(a) we set
A =clg gy A NU(a) (where clgayA denotes the closure of 4 in B(a)).

Two ultrafilters p, 4 on a are isomorphic (denoted p = gq) if there is a
permutation 7 of a (i.e., a one-to-one function of @ onto @) such that 7(p) = g;
the equivalence classes under (ultrafilter) isomorphism are the types of B(a)
(which is denoted T(B(a))) and the quotient equivalence function is denoted
7. B(a) = T(B(a)). The Rudin-Keisler partial preorder < on B(a) is the binary
relation on B(a) defined by: p < g if an only if there is f € a® such that
f(g) =p. Because p~gq if p <q and g < p, the resulting Rudin-Keisler order
is defined on T(B(a)) (cf. [3], [28], [17]). A uniform ultrafilter p on @ is uni-
formly selective if for every f € a® there is A € p such that either f|A is one-
to-one or |f[A]] < a. It is easy to see that p € U(a) has minimal type in
{U(a)] if and only if p is uniformly selective. We denote by RK(a) the set of
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p € U(a) such that #p) is minimal in r[U(a)] (in the Rudin-Keisler order).
The following lemma, involving a: diagonal argument, is a slight generalization
of Lemma 3.2 in [24].

4.4, Lemma. Let a be an infinite cardinal, let F be a family of subsets of
a of cardinakity at most &, and having the uniform finite intersection property, and
let d =1{d ¢ (< al be a partition of a. Then there is a subset F of o such that

F U {F} bas the uniform finite intersection property, and

{g<a: |Fndy>1l<a.

Proof. With no loss of generality, we assume that J is closed under finite
intersections. Let {E £ £< a} be a well-ordering of F. There are two cases
to consider.

Case 1. There is £ < a, such that |{{<a: [E; Ndy| > 1]| <a; we then set
F =E,.

Case 2. [{{<a:|E,Nd/|>1}|=a forevery £<a. Ve let

Ag=<a:|E; ndyl> 1,

and thus |A§|=a. for £< a. By Lemma 4A of [13], there is a family {szf< a}
of subsets of a such that By CA,, |B,| = a, and B, N B, = & for é<p<a,
We choose p, ¢ € E; Ndy for {er, £<a, and we set F={p5';:(eB§,
£<al. Then, E,NF=lp, 2{€B,, so [E,NF|=a for ¢ < a. Further,
if¢<aand ¢¢ U <a Bz, then F Ndy = g; if (<aand L€ B, for some
(unique) £ < a, then FN d;={p§'§¥- Thus, in this case |F Ndy| <1 forall
{<a.

4.5. Corollary (Theorem 8.3 in Blass [2]). Let a be an infinite cardinal, let
{ € a® and set

D,=U{ﬁ: A € P(a) and either f|A is one-to-one or IfMA]j < ol

Then D ; is an open and dense subset of (U(a))a+».

Proof. Clearly D ¢ is open in U(a), hence in (U(a)) e That D / is a dense
subset of (U(a))a+ is a direct consequence of Lemma 4.4.

Let a, B be cardinals, let ¢, ¢ be functions on P SP) into ?(a), and let
p be an ulerafilter on a. We require the following definitions:

é is monotone if ¢(F) C H(G) for F, G € P (B) and G CF;

¢ is multiplicative if ¢(F U G) = ¢(F) n ¢(G) for F, G € T (B);

¥ <o if Y(F) CH(F) for F € P (B).

An ulerafilter p is a*-good if for every monotone function ¢: P (a) — p
there is a multiplicative function ¥: 9 @) — p, such that ¥ < ¢. (Here we con-
sider that p C P(a).)
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These definitions and the next lemma are due to Keisler [13].

4.6, Lemma (Lemma 4C in Keisler [13]). Let a be an infinite cardinal, let
F be a family of subsets of a of cardinality at most a, and let ¢ be a monotone
function from 9 Sa) into P(a), such that

Fu ¢[9 w(a)] bas the uniform finite intersection property.

Then there is a function Y: P (a) — P(a) such that

y<g,

Y is multiplicative, and

F L yl? ()] bas the uniform finite intersection property.

If ¢: P Ja) — P(a) is a monotone function, we set
2\
Uy =NIG(F): F € P, @)}
(where A denotes cl A a)A NU(a) for A € P(a)).

4.7. Corollary (Theorem 8.1 in Blass [2]). Let a be an infinite cardinal, let
¢:? Ja) = P(a) be a monotone function, and set

By = (U@) \U)
vUiu ¥ 1/ isa multiplicative function, Y: f?w(a.) — P(a), and ¥ <ol

Then E 4 is an open and dense subset of (U(a)) .

Proof. Each Uy isdense in (U(a)) ,, because it is equal to the intersection
of at most @ open-and-closed subsets of U(a); hence E ¢ is open in U(a)) ot

To prove that E is dense in (U(a)) ,, let {V 2z £< o] be a family of open-
and-closed subsets of U(a), such that V =Nz, V ¢ # &, and we are to prove
that VNE, £ &. Let Ag € ?(a) be such that Xg-Vf for £< a. Then the
family F = Mf &< al is a family of subsets of a of cardinality at most @ and
with the uniform finite intersection property. There are two possibilities to consider.

Case 1. ¥ U $[? (a)] has the uniform finite intersection property.

By Lemma 4.6, there is a multiplicative function ¢: P (@) = $(a) such that
¥ <¢ and F U Yl? (a)] has the uniform finite intersection property. Thus

g!;éVnu‘l,cvmzd,.

Case 2. Fu ¢[9 (a)] does not have the uniform finite intersection property.

Thus VNU,= B and VC (U(a)) +\U¢ CEg.

Asa consequence of Theorems 3.5 (a) and 4.8 (b) if a* = 2% then (U(a))
has the a*-Baire category property. This has been proved directly by Blass i m
[2]. The existence of a*-good ultrafilters on & was first proved by Keisler in
(13] assuming a*=2% and by Kunen [17] in general. The existence of a‘-good
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ultrafilters on @ which in addition are P(a)-points was proved in [24], assuming
at=2% A slight modification of this argument yields the existence of a*-good
and uniformly selective ultrafilters on @, assuming a*=2% A Baire category
type of proof on the existence of 0«+~good and uniformly selective ultrafilters on
a, still assuming at = 2%, was first given by Blass in [2). The following resul,
one of the principal applications of the methods developed in §§2-3, provides a
topological description of these spaces of ultrafilters in the P a+-topology and
assuming at =2,

4.8. Theorem. Let a be an infinite cardinal.

(a) If 2% is a regular cardinal and no imiform ultrafilter on a bas a filter
base of cardinality less than 2%, then

(U(@)) , is homeomorphic to (z(za)) -
2 2

(b) If a* = 2%, then each of the spaces (U(a)) ,,, (RK(a)) ,, (G(2)) 4
(RK(a) NGla)) , is homeomorphic to (2 ))a'l“

Proof. (a) is a direct application of Theorem 4.1 for the cardinal 2%,

(b) The statement about (U(a)) , follows from part (a), since at is regular,
and no uniform ultrafilter on & has a filter base of cardinality at most a.

We verify that

(i) (RK(a)) , = N{D: f € a®}, and

(i) (G(a) , = N{E 4 ¢ monotone function, ¢: ? fa) = P(a)} where the
sets D r E » are defined in Corollaries 4.5, 4.7, respectively.

To prove (i), let p be a uniform ultrafilter on @, whose type is Rudin-Keisler
minimal in r[U(a)], and let f € a®. Then there is A € p such that either f|A
is one-to-one or |{[A]]| < a; hence p € 4 CD,. Conversely, let p € n{D,:/ € a%
and let f € a®, Since p € D/, then p € A, i.e., A € p, for some A € P(a) such
that either f|A is one-to-one or |[f[A]| < @; hence, the type of p is Rudin-Keisler
minimal in r[U(a)}

To prove (ii), let p € (G(a))a,, and let ¢ be a monotone function, ¢:
P w(a) — P(a). If ¢(F) ¢ p for some F € P Ja), then a\¢a(F) € p, and hence

/\
p € (U@) \$(F)CE,,.
a

If $(F) € p for F € P (a), then, because p isa a*-good, there is a multiplica-
‘ P

tive function ¢: $ (@) —p, such that ¢ < . Then p € Y(F) for F € ? fa),

ie, pel s E & Thus, in any case, p € E ® for all monotone functions ¢.

Conversely, let p € n{E¢: ¢ monotone, ¢: ¥ (a) — P(a)}, and let ¢:

? (@) = p be a monotone function. Then p € E  and also p € U ; hence, there
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is some multiplicative function : P o) — P(a) such that ¢ < @, for which
p €Uy Then Y(F) € p for F € ? (a), i.e., ¥: P (a) > p. This proves that
b € (G(a) ,.

The remaining statements of part (b) now follow from the already proved fact
that (U(a))a+ is homeomorphic to (2(a+))a+, together with Theorem 3.5 (b) (since
certainly at is not weakly compact; alternatively we could prove easily that
Theorem 3.5 (c) can be used), Lemmas 4.5 and 4.7, and the statements (i) and (ii)
just proved.

The proof of the theorem is complete.

We now tumn to a number of applications, similar in spirit but topological in
content, concerning subsets of BX\X for certain spaces X.

Ve recall that a space is o-compact if it is the union of a sequence of com-
pact sets.

Definitions. A space X is realcompact if for every p € BX\X there is a
zero-set Z of BX such that p € Z C BX\X.

A space X is pseudocompact if every continuous real-valued function defined
on X is bounded.

We denote by C(X) the set of continuous real-valued functions defined on a
space X. If YC X then Y is C-embedded if for f{ € C(Y) there is g € C(X)
such that fCg.

4.9. Theorem. Let X be a space and consider the following conditions on X.

(a) X is a noncompact g-compact space;

(b) X isa nénc‘ompact realcompact space;

(c) X is not pseudocompact;

(d) there is a subset N of X such that N is bomeomorphic to w and is
C-embedded in X,

(e) there is a subset N of X such that N is homeomorphic to w and a
closed C*embedded subset of X; and

() 1BX\X| > 22°.
Then (a) — (b) — (c) — (d) — (e) — ().

All these implications are proved in [8].
The following simple lemma provides a family of spaces to which Theorem
4.15 below applies. :

4.10. Lemma. If X is a o-compact space and w(X) < 2% then |C(X)| < 2%

Proof. (a) Assume first that X is a compact space of weight at most 2%
There is an embedding e of X into [0, 1129, Since X is compact, e[X] is
C-embedded in [0, 112 it is known (cf. [5], [16]) that the space [0, 113 is
separable (i.e., its density character is w) and hence clearly |C([0, 1129 = 2%,
Thus :



SPACES HOMEOMORPHIC TO (2% . 1l 25
lcex) < |clo, 112 = 22,

Ve remark that if X # & then in fact |C(X)| = 2%
(b) Let {K ain< o} be a sequence of compact subsets of X whose union is
X. We define a function

¢:ce)— Il ck )
n<w

by &(f) =(f |K,:# <w). Then ¢ is a well-defined one-to-one function, and thus
we have (making use of part (a))

lceol < I e )l < @9 = 2%,

<w

For a space X, Z(X) denotes the family of all zero-sets of X. The boundary
BdZ of Z is the set Z\intxZ.

The following (known) fact will be used; its proof is left to the reader.

4.11, Lemma. Let X be a realcompact space. Then

(a) if p € PX\X then {p} is not a zero-set of BX\X;

(b) ﬁX\X bas no isolated elements; and

(c) the local weight of BX\X at each of its elements is uncountable.

4.12. Theorem (Lemma 3.1 of Fine and Gillman [6]). If X is a locally com-
pact realcompact space and Z is a zero-set of BX\X then Z = cl Ax\x intgy\ x Z,

Using Theorem 4.12 and imitating the usual proof of Baire’s category theorem
the following result is obtained.

4.13. Corollary. If X is a locally compact and realcompact space then
BX\X bas the w*-Baire category property.

The following lemma was noted by the second author in 1963 (unpublished);
a more general version is given by Woods [33] (Theorem 2.7).

4.14. Lemma. If X is a locally compact realcompact space and A is a
(closed) nowhere dense subset of X then cl BXA\X is nowbere dense in BX\X.

Proof. Let B =cl gx ANX; thus B isa closed subset of BX\X. If the interior
of B is nonempty there is a nonempty zero-set Z o of ﬁX\X such that Z, CB.
Because X is locally compact it follows that ﬁX\X is compact and hence
C-embedded in BX; thus there is a zero-set Z, of BX such that Z 0=Z; 0
(BX\X). If p € Z then, since X is realcompact, there is a zero-set Z, of BX
such that p € Z, C BX\X. We define Z = Z,NZ,; thus Z is a nonempty zero-
set of BX such that Z CB. Let f € C(BX) be such that Z = {x € BX: f(x) = 0}
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and f(x) > 0 for x € X. It is easy to see, using 1.20 of [8] that there is a set
=1{p,: 7 <o} such that

N is homeomorphic to w,

N is a subset of A C-embedded in X, and

f®,)>0 for n <,

lim_, /(p”) = 0.
We choose a compact neighborhood K of p, (in X) such that

/o)~ fe ) <1/n if p €K and n<w

{K,: n <o} is locally finite,

Kn nKm=¢ if n<m<w.
Then intx K”\A # & for n <w, since A is a nowhere dense subset of X. Let
q, € inty K”\A for n <w and Q ={g,: 7 <w} It is easy to see that Q is
C-embedded in X (cf. 3L.1 in [8]). Thus, using 3B.2 of [8], we have that
clgx @ Nclgy A = @. Finally we have f(g) =0 for q € cl A O\X, in contradic-
tion to the fact that Z CB C dﬁx A

4.15. Theorem. Assume that w* = 2% and that X is a noncompact locally
compact realcompact space such that |C(X)| < 2% Then each of the spaces
(Bx\X) pand P +(BX\X) is homeomorphic to e ))

Proof. We note since BX\X is closed, and thus C-embedded, in BX that
() w@B\X<1ZEX\X)| < |Z(BX)| < [cBX) < lcx) < 22 = 0.

To prove that (8X\X) s+ is homeomorphic to the space (2 )) , we make
use of Theorem 4.1. Thus w+ is regular and BX\X is compact and it follows
from (*) that w(BX\X) < 0*; finally if p € BX\X then the local weight of
BX\X at p is at least w* according to Lemma 4.11 (c). The required homeomor-
phism follows.

- For the second homeomorphiém we note that

P (Bx\X)=N{BX\X\Bd Z: Z € ZBX\ X)}

and that the restriction of the identity function (BX\X) — BX\X to P L+ (BX\X)
is a homeomorphism. We make use of Theorem 3.5 (b) and the already estabhshed
homeomorphism between (BX\X) .+ and @ ))w,,. Since w* is not weakly com-
pact, and, from (*), we have |Z(ﬁX\X)| < w”, we only have to verify that

(BX\X\Bd Z) , is dense in (BX\X) , for Z € Z(BX\X).

The family Z(8X\X) is a base for the topology of (ﬁX\X)w,,, and thus it is
sufficient to verify that
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(BX\X\Bd Z) "W & for W € ZBX\X)and W £ .

Indeed if this relation fails for some W € Z(BX\X) then W CBd Z contradicting
the fact that according to Theotem 4.12, Bd Z is nowhere dense while W has non-
empty interior. The proof of the theorem is complete.

Most of Theorem 4.15 has been proved in [4]; specifically, Corollary 3.3 of
[4] states that (ﬂX\X)w,, is homeomorphic to (2(°’+))w+; and Theorem 3.5 in [4]
states that P w.,(ﬁX\X) is homeomorphic to (2(°’+))w,, under certain assumptions
on X which are stronger than those assumed in the statement of the present
Theorem 4.15.

Definition. If X is a space and p € BX\X then p is a remote point of BX\X
if p is not in the closure (in BX) of any discrete subset of X. The set of remote
poiats of BX\X is denoted by R(BX\X).

The existence of remote points of BR\R, where R is the space of real
numbers, was proved, assuming the continuous hypothesis, by Fine and Gillman
in [7]. A Baire-category type of proof of P w.,,-points and of remote points of
BX\X was first provided by the second author of the paper in 1963 [unpublished].
For more information on remote points the reader is referred to [32].

4.16. Theorem. Assume that w* = 2° and that X is a noncompact locally
compact separable metric space without isolated elements. Then each of the spaces

(RBX\X)) ,and RBX\X) NP (BX\X)
@ @
is homeomorpbhic to (2(°’+))w,.

Proof. It is clear that X is o-compact and such that |C(X)| < 2%, Thus from
+
Theorems 4.15 and 4.9 it follows that (BX\X)«’* is homeomorphic to (2(“ ))w,.
For the first homeomorphism we note that

R(BX\X) = n{BX\X\clpr: D is a discrete subset of X}.

We make use of Theorem 3.5 (b) and the homeomorphism between (BX\X) + and
(2(w+))w+. If D is a discrete subset of X then D is countable (since evea;y sub-
space of a separable metric space is separable), and therefore the cardinal of the
family of all discrete subsets of X is at most 2% w*. Furthermore cly D is
nowhere dense in X; indeed if there is a nonempty open set V of X such that

V Ccly D, then VN D is dense in V and since V N D is discrete it is locally
compact and therefore V ND is open in V and hence in X, in contradiction to
the assumption that X does not have isolated elements. It follows from Lemma

4.14 (since X is realcompact as well) that cl BX D\X is nowhere dense in
BX\X. We verify that
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(BX\X\clﬁxD) + is dense in (BX\X) "

for every discrete set D of X. The family Z(BX\X) is a base for the topology
of (BX\X)Q,, and thus it is sufficient to verify that

(BX\X\clgxD) NZ £F for Z € Z(BX\X) and Z £ 2.

Indeed if this relation fails for some Z € Z(BX\X) then Z Ccl px D contradicting
the fact that according to Theorem 4.12, Z has nonempty interior.

The second homeomorphism follows from a combination of the proof of the
second part of Theorem 4.15 and the proof just given; the details are omitted.

Finally we mention that most of Theorems 4.15 and 4.16 can be proved
assuming Martin’s axiom instead of the continuum hypothesis. We will not give
here the details of the proofs, which involve techniques similar to those used in
the proofs of Theorems 4.15 and 4.16 together with some arguments similar to those
given in Booth [3]. For information on Martin’s axiom and its relation to ultra-
filters on @ the reader is referred to [3], [20], [31].

4.17. Corollary. Assume Martin’'s axiom.

(a) If X is a locally compact, o-compact, noncompact metric space and
A CBX\X with |A| < 2% then each of the spaces (BX\X) o0 Py SBXNXNA4,
(RK(a.v))2 o is bomeomorphic to (22“) Jor

(b) If in addition to the properties of X given in (a), X does not have isolated
elements then each of the spaces (R(ﬁX\X))2 w R(BX\X) N P2 w(BX\X) is
bomeomorphic to (2(2“) o '

The following results should be contrasted: if w*=2% then Bco\a) is homeo-
morphic to the Stone space of the 2“-homogeneous-universal Boolean algebra S(2%)
of cardinality 2% (cf. Parovicenko [26] and Keisler [14]). However, if the
continuum hypothesis fails then ﬁw\w is definitely not homeomorphic to $(2%),
according to a result of Hausdorff [91(2), even though if Martin’s axiom holds as
well, then Corollary 4.17 (a) above implies that (Bw\w) . is homeomorphic to
(5(29) 0 (since 2292 2% aqd both spaces are homeomorphic to (2(2(0)) ) a).
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